The spectral properties of su(2) Hamiltonians are studied for energies near the critical classical energy εc for which the corresponding classical dynamics presents hyperbolic points (HP). A general method leading to an algebraic relation for eigenvalues in the vicinity of εc is obtained in the thermodynamic limit, when the semi-classical parameter n −1 = (2s) −1 goes to zero (where s is the total spin of the system). Two applications of this method are given and compared with numerics. Matrix elements of observables, computed between states with energy near εc, are also computed and shown to be in agreement with the numerical results.
The spectral properties of su (2) Hamiltonians are studied for energies near the critical classical energy εc for which the corresponding classical dynamics presents hyperbolic points (HP). A general method leading to an algebraic relation for eigenvalues in the vicinity of εc is obtained in the thermodynamic limit, when the semi-classical parameter n −1 = (2s) −1 goes to zero (where s is the total spin of the system). Two applications of this method are given and compared with numerics. Matrix elements of observables, computed between states with energy near εc, are also computed and shown to be in agreement with the numerical results. Introduction. Bohr-Sommerfeld (B-S) quantization formulae for nonregular values of the energy parameter have been set up in [1, 2] in the case of quantum Hamiltonians in the Schrödinger representation. They differ from the regular case and show a logarithmic accumulation of the spectrum near energies corresponding to hyperbolic fixed points. In this letter we construct a general method to overcome the breakdown of standard B-S quantization near singular spectral points in the case of spins systems, a situation non covered by earlier results.
su (2) Hamiltonians arise naturally in many areas of physics, in the study of mutually interacting spins 1/2 systems or due to symmetries present in collective bosonic Hamiltonians. For such models the analog of the semi-classical limit is obtained when the number of interacting sub-systems increases (thermodynamic limit). The semi-classical parameter is replaced by the the inverse of number of interacting sub-systems n −1 which is related to the size of the considered su(2) representation, n = 2s. A typical example is given by the LipkinMeshkov-Glick (LMG) model proposed in 1965 to describe shape phase transition in nuclei [3] . This model is used to describe magnetic properties of molecules [4] , interacting bosons in double-well structures [5] and to investigate the role of entanglement in quantum phase transitions (QPT) [6] .
QPT [7] arising at zero temperature are related to non-analyticities of the ground state as a function of the Hamiltonian coupling constants. Since the nonanalyticities involved are generically algebraic, this kind of phase transitions are characterized by a set of critical exponents describing how physical quantities (density of states, excitation gap, observables) behave in the vicinity of such points. Recently, non-analyticities arising within the spectrum have received much interest [8, 9] , they can be viewed as QPT arising for excited states [10] . In the semiclassical limit, this phenomena corresponds to a change in the topology of classical orbits and the appearance of hyperbolic points (HP). The non-analyticities involved are generically found to be logarithmic [8, 9, 10] .
We derive and test numerically spectral analytical expressions for two different situations arising as a LMGlike model (LMG plus a cubic term) where hyperbolic trajectories, homoclinic and heteroclinic, exist. Finally, we compute, both analytically and numerically, the matrix elements of observables between states near critical energies. We discuss their semi-classical behavior hoping to clarify critical phenomena arising at the so-called excited states QPT. B-S Quantization and WKB. The non-normalized spin coherent states [11] for a su(2) representation of dimension 2s + 1 are defined by |α = e αS+ |s, −s ,ᾱ ∈ C, with s, integer or half integer, being the total spin (in the following we set n = 2s). They form an overcomplete basis with a resolution of the identity given by dµ |α α| α|α = 1, where dµ = dRe(α)dIm(α) π n+1 (1+ᾱα) 2 and α|α = (1+ᾱα)
n . In the coherent states basis, the su(2) generators (S ± = S x ± iS y ) act as differential operators
on the space of polynomial functions Ψ(ᾱ) = α|Ψ of degree n. To a generic operator
where the p i 's are polynomials inᾱ, is associated a function (symbol) A(ᾱ, ζ) = i p i (ᾱ)ζ i . In the framework of the WKB approximation, eigenstates of an Hermitian operator,ĤΨ(ᾱ) = εΨ(ᾱ), are obtained setting Ψ(ᾱ) = e n Rᾱ α 0 G(ᾱ)dᾱ and solving perturbatively the
in powers of the semi-classical parameter n −1 , setting
The result is the WKB solution [12] , given in terms of
Quantization of the energies is obtained by imposing that Ψ(ᾱ) is a univaluated function ofᾱ ∈ C, implying that
with k ∈ N, for all closed path γ. In the semiclassical limit the probability amplitude α|α
of finding the system in the coherent state |α is exponentially localized on the classical trajectory
. Moreover, if C 0 contains no HP, the WKB solution (5) is an analytic function ofᾱ in its vicinity. In this case Eq. (6) can be explicitly computed by choosing γ = C 0 and using the semi-classical expansion of G. The result is the Bohr-Sommerfeld quantization condition for a spin system [12, 13, 14] :
−2 dᾱ ∧ dα over the interior of the classical trajectory Σ, and
. Quantization near HP. If an HP exits along classical trajectory, i.e. ∂ ζ H 0 = 0 for someᾱ i ∈ C 0 , I 1 diverges and the quantization condition has to be modified for energies of order n −1 around the critical energy ε 0 = ε c . Near such points, settingβ =ᾱ −ᾱ i , H can be linearized and brought to the form
by a simple transformation Ψ(ᾱ) = e n p(β)Ψ (β), where p is a second order polynomial ofβ. The constants τ k depend on the parameter of the Hamiltonian around the HP. The solutions of H (β, n −1 ∂β) − ε Ψ (β) = 0 are given explicitly in the form of Parabolic Cylindrical functions [15] . Let us consider the following linear combinations of these two independent solutions, having a well defined behavior when |β| n 1/2 → ∞, forβ in a vicinity of C 0 (see Fig. 1 for the directions along which each limit is taken),
where ρ = 
with c = (8) give a set of local relations between the "in" and "out" basis. A set of nonlocal relations is obtained by identifying the asymptotics of WKB solutions (see Fig. 1 ), leading toΨ out,L = e 2πinS(ᾱi,ᾱj )Ψ in,R , where S(ᾱ i ,ᾱ j ) is regularized action integral given in Table I , ν j = (±iη j − 1 2 ) depending on the side R/L and j indexing HP. ln(x) is defined as having a branch cut along the negative real axes. σ k = 0, ±1: 0 if the classical orbit does not cut the branch-cut of ln(ᾱ −ᾱ k ) and ±1 if it cuts it in the up-down or down-up directions respectively. Summarizing the local and nonlocal basis relations: Ψ out = TΨ in and Ψ out = ΓΨ in ; where Ψ out and Ψ in are column vectors collecting the "in" and "out" solutions for each HP (i), T and Γ are matrices, the first coupling states with the same (i) and the second coupling sates with (i) and (j) linked by the classical trajectory. Quantization is obtained by imposing the compatibility relation D = det(T − Γ) = 0. We now apply the general method presented above to a particular spin Hamiltonian
The Lipkin-Meshkov-Glick (LMG) model [3] is obtained from Eq. (10) setting µ = 0. The cubic term in Eq. (10) is added to provide asymmetric orbits in order to test the quantization relations in a case as generic as possible. For the LMG model a detailed analysis of the phase space and the characterization of the critical points can be found in [9, 16, 17] . For small values of µ the phase diagram presented in [9] is kept invariant. In particular the system conserves a homoclinic HP at α = 0 for ε c = −|h| when γ x > |h| < |γ y | and a heteroclinic caustic joining two HP for γ x > γ y > |h| corresponding to ε c = − 
, as in the case of the Schrödinger representation [2] , where S R/L are given by S i in Table I (directions of integration are given in Fig. 2 ). For the heteroclinic case the quantization condition is rather lengthy and will be given elsewhere [18] . The comparison of the semi-classical quantization conditions with numeric diagonalization of the Hamiltonian using a matricial representation of the spin operators is given in Fig. 2 . In both cases the agreement between the numeric energies and the points where D = 0 is remarkable, for the heteroclinic case one can see that the matching becomes worst as the modulus of the renormalized energy η increases. Matrix Elements.
In the semiclassical limit, the normalized matrix elements f
, of an observableÂ computed between eigenstates of an Hermitian operator H (with the energies ε (m) and ε (m+k) ), are known to be simply given as the amplitude of the k-th Fourier mode of the observable symbol A, evaluated along the classical orbit of energy ε (m) [20] , f
, where T is the period of the classical orbit and the flow equations are given by: ∂ tᾱ (t) = −i ∂ ζ H(ᾱ, ζ); ∂ t ζ(t) = i ∂ᾱH(ᾱ, ζ) [ζ is the variable conjugated toᾱ, for the spin case ζ = α(1 +ᾱα)
−1 ]. This result stands for regular orbits and can be obtained considering the action-angle variables. Since f is the Fourier transform of a analytic (10) computed numerically (black dots) for n = 500. We define the renormalized energy
respectively for the homoclinic and heteroclinic cases. Middle: Stereographic projection of the critical classical orbit. Right: Critical orbit in Riemann Sphere, the zeroes of Ψ(ᾱ) (black dots) are plotted for n = 120, in the semiclassical limit they condense in branch cuts of G0 [9, 19] .
function the matrix elements vanish exponentially with increasing k. This is a generalization of the result early obtained by Heisenberg for the harmonic oscillator case. For singular orbits containing HP the period T diverges, moreover no action-angle variables can be defined. Nevertheless it is still possible to estimate such matrix elements by analyzing local and global properties of the critical eigenstates [21] . Let us use the resolution of the identity in order to write matrix elements as integrals over Σ i , a domain of size O(n −1 ln n) around the HPᾱ i , and Σ i,j , a domain of order n −1 around C 0 . Within these two sets of domains the eigenstates are given, respectively, by special functions and WKB approximation,
The last equality follows from considering the symbol A constant on the domain Σ i , by orthogonality of the eigenstates this term is nonzero only for k = 0 where it gives the norm of the eigenstate inside the domain, µ(i). The regular functions g
are computed using the flow equations on the branch i → j. Since µ(i) ∝ ln n, we obtain at leading order,
. (12) Diagonal matrix elements (mean values of observables) are thus given as a sum of ponderate weights of the different HP and depend on local properties of eigenstates near this points. On the contrary, non-diagonal elements are given by the global properties of the classical orbit. Since g A is analytic, the matrix elements will decay exponentially as the energy difference increases, however, near the critical energy the mean energy spacing is of order n(ε (m+k) − ε (m) ) ∝ k ln −1 n, meaning that the exponential decay in k becomes slower with increasing n (see Fig. 3 ). For an observable with A vanishing at the HP the amplitude of all matrix elements vanishes as O(ln −1 n), for fixed k (Fig. 3 ) [18] . This has a simple semi-classical explanation. In the critical case the volume of the phase-space corresponding to an energy band of order n −1 around ε c is O(n −1 ) for regions of type Σ i,j and O(n −1 ln n) for Σ i . However, for A vanishing at the HP, the relevant regions to compute the matrix elements are Σ i,j which, by Heisenberg inequalities, can carry only a finite number of states O(n 0 ) and not the total O(ln n) eigenstates. The only way of conciliating these two facts is to take a quantized observable described by an O(ln n) × O(ln n) matrix whose elements vanish in the classical limit. Conclusion. We have presented a method for computing semi-classical spectra associated to any number of heteroclinic junctions. Not only the expected average spacing ∼ ln −1 n is observed, but an algebraic relation is derived for eigenvalues near the critical energy. The method is fully general and applies to any su(2) Hamiltonian. In order to test it in full generality we have added a cubic term to the standard LMG model breaking the quadratic underlying symmetry. The agreement with numerics is remarkable, especially considering the fact that the formulas are algebraically quite heavy in the case of two hyperbolic fixed points linked by heteroclininc junctions. We have also computed the matrix elements of observables, and show that their semi-classical behavior is universal, and different from the one in the regular situation. Moreover we have given a physical argument for the logarithmic vanishing of these matrix elements in the classical limit. between two states near the critical energy. ε (c) is chosen to be the energy closest to the critical classical energy εc. The agreement of the numerical data (dots) with the predictions of Eq. (12) (circles) gets better for n big. The logarithmic downward shift as n increases is due to the fact that µ(i) ∼ ln −1 n.
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